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ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ
II ñåìåñòð

ÒÈÏÎÂÎÉ ÐÀÑ×ÅÒ

ÒÅÎÐÅÒÈ×ÅÑÊÈÅ ÓÏÐÀÆÍÅÍÈß
1. Ïîëó÷èòü ðåêóððåíòíóþ ôîðìóëó äëÿ çàäàííûõ èíòåãðàëîâ.

Âû÷èñëèòü I0 è I1. Ïî ðåêóððåíòíîé ôîðìóëå íàéòè

à) In =
∞∫
0

xne−α2x2
dx; á) In =

π/2∫
0

cosn x dx;

â) In =
π/2∫
0

sinn x dx; ã) In =
1∫
0

xn dx√
1− x2

.

2. Âûâåñòè ôîðìóëó äëÿ äèôôåðåíöèðîâàíèÿ ôóíêöèè

F (x) =
v(x)∫
u(x)

f (t) dt, ãäå u(x) 6 v(x).

3. Ïîêàçàòü, ÷òî äëÿ ôóíêöèè f(x, y) = x2y2/(x2y2 + (x + y)2) ñó-
ùåñòâóþò îáà ïîâòîðíûõ ïðåäåëà: ïðè x → 0, çàòåì y → 0, è ïðè
y → 0, çàòåì x → 0, íî íå ñóùåñòâóåò ïðåäåëà, êîãäà M (x, y) →
O (0, 0).

4. Ïîêàçàòü, ÷òî ôóíêöèÿ f(x, y) = 2xy/(x2 + y2), f (0, 0) = 0,
íåïðåðûâíà ïî êàæäîé ïåðåìåííîé x è y â îòäåëüíîñòè, íî íå ÿâ-
ëÿåòñÿ íåïðåðûâíîé ïî èõ ñîâîêóïíîñòè.

5. Ïîêàçàòü, ÷òî ôóíêöèÿ f(x, y) = 3
√

xy èìååò îáå ÷àñòíûå ïðî-
èçâîäíûå â òî÷êå O(0, 0), íî íå äèôôåðåíöèðóåìà â ýòîé òî÷êå.

6. Âû÷èñëèòü äâîéíîé èíòåãðàë îò ôóíêöèè f(x, y) = ∂2F/∂x∂y

ïî ïðÿìîóãîëüíèêó ñî ñòîðîíàìè, ïàðàëëåëüíûìè îñÿì êîîðäèíàò.
7. Ïðåäïîëàãàÿ ôóíêöèþ f(x, y) íåïðåðûâíîé, íàéòè ïðåäåë

lim
R→0

1

πR2

∫∫

x2+y26R2

f(x, y) dxdy.

8. Ïðåäïîëàãàÿ ôóíêöèþ f(x, y) íåïðåðûâíîé, íàéòè ïðîèçâîä-
íóþ F ′(t) ôóíêöèè

F (t) =

∫∫

x2+y26t2

f(x, y) dxdy (t > 0).
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Ïðîâåðèòü ðåçóëüòàò íà ïðèìåðå f(x, y) = x2 + y2.
9. Ïðåäïîëàãàÿ ôóíêöèþ f(x, y, z) íåïðåðûâíîé, íàéòè ïðåäåë

lim
R→0

1

4πR2

∫∫

x2+y2+z2=R2

f(x, y, z) dσ.

Ïðîâåðèòü ðåçóëüòàò íà ïðèìåðå f(x, y, z) = x2 + y2 + z2 + 1.
10. Ïðåäïîëàãàÿ ôóíêöèþ f(x, y, z) íåïðåðûâíîé, íàéòè ïðåäåë

lim
R→0

3

4πR3

∫∫∫

x2+y2+z26R2

f(x, y, z) dxdydz.

Ïðîâåðèòü ðåçóëüòàò íà ïðèìåðå f(x, y, z) = x2 + y2 + z2 + 1.
11. Íàéòè ïðîèçâîäíóþ F ′(t) ôóíêöèè

F (t) =

∫∫∫

x2+y2+z26t2

f(x2 + y2 + z2) dxdydz.

Ïðîâåðèòü ðåçóëüòàò íà ïðèìåðå f(x, y, z) = x2 + y2 + z2.
12. Ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [a, b]. Äîêàçàòü, ÷òî äëÿ

ëþáîãî ðàçáèåíèÿ îòðåçêà [a, b] òî÷êàìè x0 = a, x1, x2, ..., xn = b

ìîæíî òàê ïîäîáðàòü òî÷êè ξi ∈ [xi, xi+1], ÷òîáû ñîîòâåòñòâóþùàÿ
èíòåãðàëüíàÿ ñóììà â òî÷íîñòè ðàâíÿëàñü îïðåäåëåííîìó èíòåãðà-
ëó îò f(x) ïî îòðåçêó [a, b].

13. Âûâåñòè ôîðìóëó ïðèáëèæåííîãî èíòåãðèðîâàíèÿ äëÿ èíòå-
ãðàëà

b∫
a

f (x) dx, ðàçáèâàÿ îòðåçîê [a, b] íà òðè ðàâíûå ÷àñòè òî÷êàìè
x0 = a, x1, x2, x3 = b è çàìåíÿÿ f(x) êóáè÷åñêèì ìíîãî÷ëåíîì, ïðî-
õîäÿùèì ÷åðåç óçëîâûå òî÷êè (xi, f(xi)).
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ÏÐÀÊÒÈ×ÅÑÊÈÅ ÇÀÄÀÍÈß
ÇÀÄÀ×À 1. Íàéòè íåîïðåäåëåííûé èíòåãðàë. Ïî óñìîòðåíèþ

ïðåïîäàâàòåëÿ âûïîëíÿåòñÿ ëèáî îäíî èç çàäàíèé (à èëè á), ëèáî
îáà çàäàíèÿ.

N à á

1

∫
arctg 2x

x2 dx

∫
x4 + 2x− 1

x2 (x− 1) (x2 − x + 1)
dx

2

∫
cos x + 1

3 + 5 sin x
dx

∫
x4 + 3x3 − 19x2 + 29x− 10

x(x− 1)2(x2 − 2x + 5)
dx

3

∫
dx

x(
4
√

x3 − 5
√

x + 6 4
√

x )

∫
x4 − 16x2 + 10x + 8

x (x− 2)2 (x2 + 2x + 2)
dx

4

∫
x2 ln

(
x2 + 2x + 5

)
dx

∫ −x4 + 5x3 − 7x2 + 11x− 16

(x− 1)(x + 1)2(x2 − 4x + 5)
dx

5

∫
dx

ex (e2x + 2ex + 10)

∫ −x4 − 2x3 + 8x2 + 16x− 1

(x + 1) (x− 1)2 (x2 + 4x + 5)
dx

6

∫
arctg 2x

x3 dx

∫
2x4 + 2x3 − 7x2 − 8x− 6

x2 (x + 3) (x2 + x + 1)
dx

7

∫
cos x− 1

4− 5 sin x
dx

∫
3x4−10x3−48x+20

(x+1)(x−2)2(x2+2x+10)
dx

8

∫
dx

x(
4
√

x3 + 6
√

x− 7 4
√

x )

∫
2x3 + 16x2 + 29x + 25

(1− x)(x + 2)2(x2 + 2x + 5)
dx

9

∫
ln

(
x2 − 4x + 5

)
dx

∫ −x4 + 4x3 − 5x2 − 6x + 3

x (x− 1)2 (x2 + x + 3)
dx

10

∫
dx

e3x − 2e2x + 2ex

∫ −x4 + 4x3 + 3x2 + 4

x2 (x− 2) (x2 + x + 2)
dx

11

∫ (
x2 − 1

x2

)
arctg x dx

∫ −2x4 + 2x3 + 8x2 − 6x + 6

(x + 1) (x− 1)2 (x2 − x + 2)
dx

12

∫
sin x

4 + 5 sin x
dx

∫ −3x4−10x3−13x2+2x+18

(x + 2) (x + 1)2 (x2 + 2x + 6)
dx

13

∫
dx

x + 2
√

x3 +
3
√

x4

∫ −2x4 − 5x3 + x2 + 23x− 49

(x− 1) (x + 3)2 (x2 − 2x + 2)
dx

14

∫
(x−1) ln

(
x2+6x+10

)
dx

∫
2x3+9x2−33x+27−x4

(x− 1) (x− 2)2 (x2 − 2x + 3)
dx
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15

∫
dx

e3x − 4e2x + 5ex

∫
x4 − x3 + 2x2 + 16

x2 (x + 2) (x2 − 2x + 4)
dx

16

∫ (
x +

1

x3

)
arctg 2x dx

∫
4x4 − 19x3 + 2x2 + 13x + 48

(x + 3) (x− 3)2 (x2 + x + 2)
dx

17

∫
sin x

3− 5 sin x
dx

∫ −x4 + 3x3 + 5x2 − 2x + 3

(x + 3) (x + 1)2 (x2 + x + 3)
dx

18

∫
dx

x− 2
√

x3 +
3
√

x4

∫
x5 − 2x4 + 5x3 − 12x2 + 6x− 6

(x− 1)2 (x2 + x + 2)
dx

19

∫
ln

(
4x2 + 4x + 5

)
dx

∫ −2x5+10x4−21x3+31x2−26x+8

(x− 2)2 (x2 − x + 2)
dx

20

∫
dx

e3x + 4e2x + 5ex

∫
x5+8x4+29x3+56x2+54x+17

(x + 2)2 (x2 + 2x + 3)
dx

21

∫
arctg 5x

x3 dx

∫ −x5 − 2x4 + 13x2 + 23x + 14

(x + 1)2 (x2 + 2x + 4)
dx

22

∫
cos x + 2

1 + 2 cos x
dx

∫
2x5 − 3x4 + 4x3 − 6x2 + 5x + 2

(x− 1)2 (x2 + x + 2)
dx

23

∫
dx

x(
4
√

x3−2
√

x+5 4
√

x )

∫
2x5+5x4+11x3+26x2+32x+8

(x + 1)2 (x2 − x + 4)
dx

24

∫
x ln

(
4x2−4x+5

)
dx

∫ −x5+7x4−22x3+46x2−56x+36

(x− 2)2 (x2 − 2x + 3)
dx

25

∫
dx

ex (e2x − 6ex + 10)

∫
3x5+20x4+52x3+60x2+17x−15

(x + 2)2 (x2 + 3x + 3)
dx

26

∫ (
x2 +

4

x2

)
arctg x dx

∫ −3x5+8x4−14x3+22x2−16x+9

(x− 1)2 (x2 − x + 2)
dx

27

∫
cos x + 2

3− 5 sin x
dx

∫
3x5−12x4−29x3+39x2+324x−26

(x− 4)2 (x2 + 4x + 6)
dx

28

∫
dx

3
√

x2 − 2
√

x + 2 3
√

x

∫ −2x5+17x4−57x3+110x2−139x+91

(x− 3)2 (x2 − 2x + 5)
dx

29

∫
x2 ln

(
x2−2x+10

)
dx

∫
x5 + 5x4 + 6x3 + 7x2 + 30x + 6

(x + 3)2 (x2 + x + 1)
dx

30

∫
dx

ex (e2x + 6ex + 13)

∫
2x5+11x4−2x3−31x2+126x+40

(x + 4)2 (x2 − 3x + 4)
dx
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ÇÀÄÀ×À 2. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë. Âûïîëíÿåòñÿ
(ïî óñìîòðåíèþ ïðåïîäàâàòåëÿ) ëèáî çàäàíèå à, ëèáî çàäàíèå á.

a

1
2∫
0
(x− 1)2

√
4− x2 dx 2

2∫
0
(x2 + 2)

√
2x− x2 dx

3
3∫
1
x2
√

3 + 2x− x2 dx 4
2∫
0
(2 + x2)

√
4x− x2 dx

5
2∫
0
(x + 1)2

√
6x− x2 dx 6

4∫

2

dx√
(x2 − 4x + 8)5

7

2∫

1

x2 dx√
(x2 − 2x + 2)5

8

4∫

3

x dx√
(x2 − 6x + 10)5

9
2∫
−2

(2x + 1)

√
(4− x2)3 dx 10

6∫
1
(x−1)4

√
24−x2+2x dx

11
6∫
−2

(x−2)2
√

12−x2+4x dx 12
2∫
0
x2

√
(4− x2)3 dx

13

3∫

2

x dx√
(x2 − 6x + 10)3

14

0∫

−1

x2 dx√
(x2 + 2x + 2)5

15

0∫

−2

(
x2 + 1

)
dx√

(x2 + 4x + 8)5
16

π/4∫

0

dx

2 + sin2 x + 6 sin x cos x

17
π/4
ds

∫
0

dx

3 cos2 x + 2 sin x cos x + 1
18

3∫

1

√
x2 + 2x− 3 dx

(x + 1)4

19

8∫

5

√
x2 − 4x− 5 dx

(x− 2)4
20

7∫

4

√
x2 − 2x− 8 dx

(x− 1)3

21

2∫

1

dx√
x2 − 2x + 2

22

3∫

2

dx√
x2 − 4x + 5

23

3∫

1

(x− 1)5 dx√
x2 − 2x + 5

24

3∫

2

(x− 2)3 dx√
x2 − 4x + 5
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a

25

1/2∫

−1/2

(2x + 1)3 dx√
4x2 + 4x + 5

26

7∫

5

√
x2 − 6x + 5 dx

(x− 3)3

27
π/4∫
0

dx

cos2 x + 2 sin x cos x + 1
28

6∫

2
√

3

x3 dx√
x2 − 9

29

4∫

1

√
x2 − 2x + 10 dx 30

2∫

3/2

x dx√
(4x2 − 12x + 10)5

á

1, 16

3∫

2

(x− 1)3√
(4x− x2)5

dx 9, 24

4∫

−2

√
(x2 − 2x + 10)3 dx

2, 17

2∫

1

(x + 1)3√
(3 + 2x− x2)5

dx 10, 25
8∫
6
x2
√

x2 − 6x dx

3, 18

3∫

2

x3
√

(3− 2x− x2)5
dx 11, 26

6∫

5

dx

(x−1)2
√

(x2 − 2x− 8)5

4, 19

1.5∫

1

(x + 2)3√
(2x− x2)5

dx 12, 27

0∫

−2

(
x2 + 1

)
dx√

(x2 + 4x + 8)3

5, 20

4.5∫

3

(x− 1)3√
(6x− x2)5

dx 13, 28

4∫

2

(x− 2)2 dx√
(x2 + 4x− 5)5

6, 21
4∫
0

√
(x2 − 4x + 8)3dx 14, 29

4∫
3
(2x−1)2

√
x2−6x+10 dx

7, 22
3∫
2
(x−2)2

√
x2 − 4x + 5 dx 15, 30

1∫

0

dx

(x+1)2
√

(x2 + 2x + 5)5

8, 23
1∫
0
(2x−1)2

√
4x2−4x+2 dx
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ÇÀÄÀ×À 3. Èññëåäîâàòü íà ñõîäèìîñòü íåñîáñòâåííûé èíòåãðàë
è âû÷èñëèòü åãî, åñëè îí ñõîäèòñÿ.

1.

∞∫

1

dx

x2 (x + 1)
2.

∞∫

1

dx

x
√

x2 − 1
3.

∞∫

1

x3 + 1

x4 dx

4.

∞∫

0

e−4x cos 3x dx 5.

∞∫

0

e−x sin x dx 6.

∞∫

0

x sin x dx

7.

1∫

0

x ln x dx 8.

+∞∫

−∞

dx

x2 + 2x + 2
9.

e∫

1

dx

x
√

ln x

10.

1/e∫

0

dx

x ln2 x
11.

1∫

0

(x− 1) dx
3
√

x5
12.

1∫

−1

(x + 1) dx
5
√

x3

13.

∞∫

0

xdx

x3 + 1
14.

∞∫

0

xe−x2
dx 15.

∞∫

0

e−
√

xdx

16.

∞∫

1

dx

(x− 1)2
17.

∞∫

0

e−2x sin 5x dx 18.

∞∫

0

dx

x ln3 x

19.

1∫

0

dx

x +
√

x
20.

∞∫

1

ln x dx

x− 1
21.

∞∫

0

xe−xdx

22.

∞∫

0

e−x cos 2x dx 23.

∞∫

0

x2e−3xdx 24.

1∫

0

xdx√
1− x2

25.

∞∫

0

dx

x3 + 1
26.

1∫

0

ln x dx 27.

∞∫

2

dx

x2 + x− 2

28.

∞∫

0

xdx
(
1 + x2)2 29.

1∫

−1

xdx√
1− x2

30.

∞∫

0

e−2x sin x dx
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ÇÀÄÀ×À 4. Èçìåíèòü â äâîéíîì èíòåãðàëå

b∫

a

dx

ψ(x)∫

ϕ(x)

f(x, y) dy

ïîðÿäîê èíòåãðèðîâàíèÿ. Ñäåëàòü ÷åðòåæ îáëàñòè èíòåãðèðîâàíèÿ.

N a b ϕ (x) ψ (x) N a b ϕ (x) ψ (x)

1 0 3 1− x2/9
√

9− x2 2 0 2 −
√

4− x2 2− x

3 0 3 −
√

3x− x2 0 4 1 2 x2/4
√

5− x2

5 0 4
√

4x− x2
√

4x 6 1 4
√

x 6− x

7 0 3 −
√

25− x2 3− x 8 0 5/2 4x2 30− 2x

9 0 1 −2x
√

4 + x2 10 −1 1 4x 5− x2

11 0 6 −x− 1
√

36− x2 12 −2 0 −
√

4− x2 4− x2

13 2 5 2 + x x2 − 2x− 8 14 −4 2 x2 + 2x− 7 3− x

15 1 9
√

x
√

9x 16 −√2
√

2 x2/2
√

3− x2

17 0 2
√

2x− x2 2 18 0 2 −
√

4− x2 2x

19
3

2

7

2
0

√
4x− x2 20 −√3

√
3 x2/3 3

21 0 2 0
√

16− x2 22 1 6 1
√

x + 3

23 0
3

7
2x2 x 24 −1 1 3x 3(x + 1)/2

25 0 3 0 2− x2/9 26 −2 2 2x2 9

27 0 4 x + 1 10− x 28 −2 2 0
√

4− x2

29 0 4 3x2 12x 30 1 2 0
√

4x− x2

ÇÀÄÀ×À 5. Âû÷èñëèòü îáúåì òåëà ñ ïîìîùüþ òðîéíîãî èíòåãðàëà,
ïåðåõîäÿ ê öèëèíäðè÷åñêèì èëè ñôåðè÷åñêèì êîîðäèíàòàì.
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1.

{
x2 − y2 + z2 6 0
4y 6 x2 + z2 + 1

2.

{ −x2 + y2 + z2 6 0
x2 + y2 + z2 6 9

3.

{
x2 + y2 6 4, z > 0
z 6 16− x2 − y2 4.

{
x2 + y2 + z2 6 1
x2 + z2 6 z

5.

{
4 6 z 6 6
x2 + y2 6 4z

6.

{
x2 + z2 6 5y2

x2 + y2 + z2 6 9

7.

{
x2 + y2 + z2 6 16
y2 + z2 6 6x

8.

{
y > −4
x2 + z2 + y 6 5

9.

{
x2 + z2 6 y2

x2 + z2 6 2− y
10.

{
y2 + z2 6 8x
9− y2 − z2 > 5x

11.

{
2y > x2 + z2

y2 6 4(x2 + z2)
12.

{
x2 + y2 6 25, z > 0
x2 + y2 + z2 6 36

13.

{
y2 + z2 6 9, x > 0
x2 + y2 + z2 6 16

14.

{
x2 + y2 + z2 6 49
x2 + y2 > 4z

15.

{
x2 + z2 > 4y > 0
x2 + z2 6 9

16.

{
x + y + z 6 4
z > 0, x2 + y2 6 2

17.

{
x > 9(y2 + z2)
3x 6 3− y2 − z2 18.

{
x2 + y2 6 7z2

x2 + y2 + z2 6 4

19.

{
y 6 z 6 4y, y > 0
x2 + y2 6 9

20.

{
x2 + y2 6 3z
x2 + y2 + z2 6 4

21.

{
y > 0
y 6 5− x2 − z2 22.

{
0 6 x 6 6− y − z
y2 + z2 6 16

23.

{
x2 + y2 + z2 6 4x
y2 + z2 6 2x2 24.

{
3 6 y 6 4
y 6 8− x2 − z2

25.

{
x > 0, y2 + z2 6 2
x2 6 y2 + z2 + 1

26.

{
x2 + z2 > 4, y > 0
x2 + y2 + z2 6 25

27.

{
x2 + y2 + z2 6 2
y 6 x2 + z2 28.

{
0 6 z 6 5(x2 + y2)
x + y 6 1, x > 0, y > 0

29.

{
y > (x2 + z2)/4− 1
y 6 2− (x2 + z2)/2

30.

{
x > 0, y > 0, z > 0
z 6 1− x2 − y2

ÇÀÄÀ×À 6. Âû÷èñëèòü öèðêóëÿöèþ ïëîñêîãî âåêòîðíîãî ïîëÿ
∮

L
P (x, y)dx + Q(x, y)dy

äâóìÿ ñïîñîáàìè: íåïîñðåäñòâåííî è ïî ôîðìóëå Ãðèíà.
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N L P (x, y) Q (x, y)

1
∆ABC

A (2, 1) B (2, 3) C (4, 3)
x2 + y2 2 (x + y)2

2 x2/9 + y2/4 = 1 xy + x + y xy + 2x− 2y

3 x2 + y2 = 4y xy + 3 xy − 2x + 3y

4 x2 + y2 = 16 −xy2 2x2y

5 x2 + y2/16 = 1 2x + 2y −2x + 2y

6 y = sin x, y = 0, 0 6 x 6 π y2 xy

7 x2/9 + y2 = 4 x2y2 x2 + 4

8 y = 4x2, y = 4 xy2 x− y

9 y = 5x2, y = 10x (x + y)2 (x− y)2

10
∆ABC

A (0, 1) B (2, 5) C (0, 5)
3xy2 x3 + 4x2

11 x = 4y2, x = 16 y2 + xy x2 + xy

12 x2 + y2 = 25 y2 + x2 x2 + y3

13 y = x2, y = 8x 4xy 5x2

14 x = 9y2, x = 3y xy 2x2 + 3y2

15 x2 + y2 = 16 2x + 3y2 3x− 2y2

16 x2/25 + y2/4 = 1 5y + x2 −3x

17 4y = x2 + 4, y = 3x− 4 x + 2y x− 2y

18
∆ABC

A (0, 0) B (2, 3) C (0, 3)
4xy x2 + y2

19 |x|+ |y| = 4 2 (x + y)2 −2 (x− y)2

20 x2 + y2 = 36 x + y2 x3/3

21 x2/16 + y2/9 = 1 x + y x2 − y2

22 y = x2, y = 4x− 3 x2 + 4xy 4xy + y2

23
∆ABC

A (3, 3) B (5, 5) C (3, 5)
x2 + y2 (x + y)2

24 y =
√

x, 4y = x + 3 x2 − 5y x2 + 5y

25
∆ABC

A (2, 1) B (1, 4) C (2, 4)

y2 + 2

y

2y2 − x

y2

26 y = 4
√

x, y = 4x xy2 4x2y

27 x2 + y2 = 4 x + 2y y − 2x

28
∆ABC

A (3, 4) B (5, 6) C (3, 6)
−x2 − y2 (x + y)2

29 x2 + y2 = 9 x + y2 x− y2

30 x2/4 + y2/25 = 1 y + x2 −x
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ÇÀÄÀ×À 7. Íèæå r = xi+yj+zk, |r| =
√

x2 + y2 + z2, c -ïîñòîÿííûé
âåêòîð.
1. Íàéòè rot(cf(|r|)).
2. Íàéòè rot[c, rf(|r|)].
3. Äîêàçàòü, ÷òî div[a,b] = b rot a− a rotb.
4. Íàéòè div(u grad u).
5. Íàéòè óãîë ϕ ìåæäó ãðàäèåíòàìè ïîëÿ u = x/(x2 + y2 + z2) â
òî÷êàõ A(1,−2, 2) è B(3, 1, 0).
6. Äîêàçàòü, ÷òî rot(ua) = u rot a− [a, grad u].
7. Íàéòè div (b(r, a)).
8. Íàéòè grad u, ãäå u = |[c, r]|.
9. Íàéòè rot a, ãäå a =

(
− ω

2π

y

x2 + y2 ,
ω

2π

x

x2 + y2 , z

)
.

10. Íàéòè div rot a.
11. Íàéòè rot grad u.
12. Íàéòè óãîë ϕ ìåæäó ãðàäèåíòàìè ïîëÿ u = y/(x2 + y2 + z2) â
òî÷êàõ A(1, 2, 2) è B(3, 2, 0).
13. Äîêàçàòü, ÷òî div(ua) = (a, grad u) + u div a.
14. Íàéòè rot a, ãäå a = [grad u,b], u = y2 − 2xz + z2, b = i + 2j− 3k.
15. Íàéòè ïðîèçâîäíóþ ïîëÿ u = x2 + y2− 3x + 2y â òî÷êå M0(0, 1, 2)

ïî íàïðàâëåíèþ îò òî÷êè M0 ê òî÷êå M(3, 1, 6).
16. Íàéòè rot(f(|r|)r).
17. Íàéòè div[b, r], ãäå b = x2i + y2j.
18. Íàéòè rot a, ãäå a = (yi + zj + xk)/|r|.
19. Íàéòè óãîë ϕ ìåæäó ãðàäèåíòàìè ïîëÿ u = z/(x2 + y2 + z2) â
òî÷êàõ A(2, 1, 1) è B(−3,−2, 1).
20. Íàéòè rot a, ãäå a = [grad u,b], u = x2 − 2yz + y3, b = 2i− 3j + 6k.
21. Íàéòè div[b, r], ãäå b = y2i− x2k.
22. Íàéòè div(f(|r|)r).
23. Íàéòè ïðîèçâîäíóþ ïîëÿ u = xy+yz−2y+4z â òî÷êå M0(−1, 2,−3)

ïî íàïðàâëåíèþ îò òî÷êè M0 ê òî÷êå M(−4, 2, 1).
24. Íàéòè rot a, ãäå a = (zi + xj + yk)/|r|.
25. Íàéòè ïðîèçâîäíóþ ïîëÿ u = y2z − 2xyz + z2 â òî÷êå M0(3, 1, 1)

ïî íàïðàâëåíèþ âåêòîðà a, åñëè a îáðàçóåò ñ êîîðäèíàòíûìè îñÿìè
îñòðûå óãëû α, β, γ, α = π/3, β = π/4.
26. Íàéòè rot a, ãäå a = [grad u,b], u = xyz − 2y + z3, b = 2i− 3j− 4k.
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27. Íàéòè div[b, r], ãäå b = xyi− yzj + x2k.
28. Íàéòè óãîë ϕ ìåæäó ãðàäèåíòàìè ïîëÿ u = (z− x)/(x2 + y2 + z2)

â òî÷êàõ A(−2, 1, 3) è B(3, 4,−2).
ÇÀÄÀ×À 8. Âû÷èñëèòü ïëîùàäü ÷àñòè ïîâåðõíîñòè σ, çàêëþ÷åí-
íóþ âíóòðè öèëèíäðè÷åñêîé ïîâåðõíîñòè Ö.

N σ Ö
1 x = 2yz y2 + z2 = 4

2 y =
√

9− x2 − z2 x2 + y2 = 4
3 x = 3− y − z y2 + z2 = 2z
4 y2 = x2 + z2 x2 + z2 = 4x
5 y2 + z2 = 1, z > 0 x2 + y2 = 1
6 x2 + y2 + z2 = 4, z 6 0 x2 + y2 = 2x
7 x2 + y2 + z2 = 16, x > 0 y2 + z2 = 9
8 x2 = y2 + z2, x 6 0 y2 + z2 = 1
9 2z = xy x2 + y2 = 4
10 2z = x2 + y2 x2 + y2 = 2
11 y2 = 2xz 0 6 x 6 2, 0 6 z 6 2
12 z = 9− x2 − y2 x2 + y2 = 5

13 x =
√

y2 + z2 y2 + z2 = 4z

14 z =
√

y2 − x2 x2 + y2 = 8
15 2x = y2 − z2 y2 + z2 = 1

16 2y = x2 + z2 (
x2 + z2)2

= 2xz

17 8− z = (x2 + y2)3/2 x2 + y2 = 4

18 y = x2 + z2 4
(
x2 + z2)2

= x2 − z2

19 x2 + y2 = z2 (
x2 + y2)2

= 9xy

20 x2 + y2 + z2 = 1
(
y2 + z2)2

= 2yz

21 z =
√

x2 − y2
(
x2 + y2)2

= x2 − y2

22 z2 = 4
(
x2 + y2) x2 + y2 = 4y

23 4z = x2 + y2 (
x2 + y2)2

= 8xy
24 x2 + y2 + z2 = 4 y2 + z2 = 2y
25 x2 + y2 + z2 = 36, z 6 0 x2 + y2 = 16
26 x2 = y2 − z2 y2 + z2 = 2z
27 4z = x2 + y2, z 6 1 y2 = 3x2

28 z = 6− 2x + 3y
(
x2 + y2)2

= 25xy
29 y2 + z2 = 3, z > 0 x + y = 0, x− y = 0
30 2z = x2 − y2 x2 + y2 = 1
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ÇÀÄÀ×À 9. Íàéòè ïîòîê âåêòîðíîãî ïîëÿ a ÷åðåç çàìêíóòóþ ïî-
âåðõíîñòü σ äâóìÿ ñïîñîáàìè: 1) íåïîñðåäñòâåííî, âû÷èñëÿÿ ïîòîêè
÷åðåç âñå ãëàäêèå êóñêè ïîâåðõíîñòè σ; 2) ïî òåîðåìå Îñòðîãðàä-
ñêîãî-Ãàóññà.

N a σ

1 xi + y2j− 2zk 2z = 9− x2 − y2, z = 0
2 xi− yj + z2k z2 = x2 + y2, z = 4
3 xzi− 2xyj + k x2 + y2 + z2 = 1, x > 0
4 (1− y)xi + yzj + zk (2− z)2 = x2 + y2, z = 0
5 xyi + xyj− xzk 3z = 9− x2 − y2, z = 0
6 3xi + 2yj + z2k x2 + y2 + z2 = 4, y > 0
7 2i− 3y2j + zk 4z = x2 + y2, z = 9
8 x2i− z2j + y2k x2 + y2 + z2 = 9, x > 0
9 yz(i− j) + 2xk y = 1− x2 − z2, y = 0
10 i + 3j + 2z2k 5− z = x2 + y2, z = −4
11 xi + 2yj + 3zk y2 = 4(x2 + z2), y = 6
12 xzi + 3yzj + xzk x2 + y2 + z2 = 16, z > 0
13 zi + y2j + xzk x2 = y2 + z2, x = 7
14 2xi− 3j + yzk 9z = x2 + y2, z = 1
15 x2j− z2k 3z = 4− x2 − y2, z = 1
16 i− yj + x(3 + z)k (2− x)2 = y2 + z2, x = 5
17 yi− zj + xyzk x2 + y2 + z2 = 4, x 6 0
18 x2i− 2yj + z2k y = x2 + z2, y = 8
19 yzi + xyj + zk y2 = x2 + z2, y = −2
20 3xyi + zyj + xzk z = 9(x2 + y2), z = 36
21 xi + y2j + z2k 4z = 16− x2 − y2, z = 3
22 xyzi + 2xyj− z2k x2 + y2 + z2 = 9, y 6 0
23 −xi + yj− 2zk x2 = y2 + z2, x = −4
24 xi + 3y2j + 3z2k 3y − 2 = x2 + z2, y = 6
25 xzi + y2j + yzk z2 = 4(x2 + y2), z = 4
26 zi− 3yj + xyzk y = 1− x2 − z2, y = −3
27 xi + yj + 3xzk x2 + y2 + z2 = 16, z 6 0
28 xi− 2yj + 8zk z = 25− x2 − y2, z = 9
29 x2j + zk 2z = 2− x2 − y2, z = 0
30 x2i + yj + zk z = x2 + y2, z = 4
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ÇÀÄÀ×À 10. Íàéòè öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a ïî êîíòóðó Γ

äâóìÿ ñïîñîáàìè: 1) íåïîñðåäñòâåííî, âû÷èñëÿÿ ëèíåéíûé èíòå-
ãðàë âåêòîðíîãî ïîëÿ ïî êîíòóðó Γ; 2) ïî òåîðåìå Ñòîêñà.

N a Γ

1 zi− yj + y2k x2 + y2 = 9− z, x = 0, y = 0, z = 0 (1 îêòàíò)
2 3zi + y2j− 2yk x2 + y2 = 4, x + y + z = 2
3 yzi− x2j z2 = 2− x− y, x = 0, y = 0, z = 0 (1 îêòàíò)
4 yi + xyj− zk x + y + z = 2, x = 0, y = 0, z = 0
5 yzi + xj + xzk x2 + y2 = 1, y = z
6 xy(i− j)− zk x2 + y2 = 1− z, x = 0, y = 0, z = 0 (1 îêòàíò)
7 zi− xyj + x2k x2 + z2 = 1, x = y + 1
8 zi + x2j− yk x + y + 2z = 4, x = 0, y = 0, z = 0
9 y2i + zj− xk x2 + z2 = 9, y = z + 1
10 z2i + x2j− yk 2x + 3y + z = 6, x = 0, y = 0, z = 0
11 zyi + 2j + xk x2 = 1− y − z, x = 0, y = 0, z = 0 (1 îêòàíò)
12 zi− 2xj + x2k x2 + y2 = 4, x + y + z = 3
13 y2i− z2j + zk x + 2y + z = 3, x = 0, y = 0, z = 0
14 zi + 2xj− x2k y2 = 2− x− z, x = 0, y = 0, z = 0 (1 îêòàíò)
15 2zi− 3yj− x2k x2 + y2 = 9, x + y + z = 12
16 3zi + x2j + 2xk x2 + y2 = 1, z = y − 1
17 xz(i + j + k) 2x + y + 3z = 6, x = 0, y = 0, z = 0
18 yi− xj + xk x2 + z2 = 4− y, x = 0, y = 0, z = 0 (1 îêòàíò)
19 yzi + 2xj− yk x2 + y2 = 4, z = x + 2
20 xzi− zj + 2yk y2 + z2 = 16, x + y + z = 4
21 yi− zj + xk x2 + y2 + z2 = 9, x = 0, y = 0, z = 0 (1 îêòàíò)
22 2zi + yzj− xk x = y2 + z2, x = 9
23 4yi− z2j + xk x2 + z2 = 1, x = y
24 3xi + 2xzj− yk x + 2y + z = 4, x = 0, y = 0, z = 0
25 2xyi− 3xj− y2k x2 + y2 = 4− z, x = 0, y = 0, z = 0 (1 îêòàíò)
26 −zi + yj + 2xk x2 + y2 + z2 = 1, x = 0, y = 0, z = 0 (1 îêòàíò)
27 yj + 2k x2 + y2 + z2 = 16, z = y
28 2zi− x2j + 3xk x2 + y2 = 9− z, x = 0, y = 0, z = 0 (1 îêòàíò)
29 yi− x2j + xk x2 + y2 = 4, z = y + 2
30 xy(i + j + k) x + 2y + z = 4, x = 0, y = 0, z = 0
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ÊÀËÅÍÄÀÐÍÛÉ ÏËÀÍ ÓÏÐÀÆÍÅÍÈÉ
1�3. Íåîïðåäåëåííûé èíòåãðàë. Âû÷èñëåíèå èíòåãðàëîâ ñëåäóþùèõ
òèïîâ:

∫
Ax + B

(ax2 + bx + c)α
dx, α = 1/2, 1;

∫
Pn(x)

Rn(x)
dx;

∫
R(x, xm/n, xp/q)dx;

∫
Pn(x)





sin ax
cos ax
eax



 dx;

∫
Pn(x)





ln ax
arctg ax
. . .



 dx;

∫
R(sin x, cos x)dx;

∫
sinp x, cosq xdx;

∫
sin ax

{
sin bx
cos bx

}
dx.

4. Îïðåäåëåííûé èíòåãðàë.
5. Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà.
6. Êîíòðîëüíàÿ ðàáîòà.
7. Ðàçáîð îøèáîê êîíòðîëüíîé ðàáîòû. Íåñîáñòâåííûå èíòåãðàëû.
8,9. Äâîéíîé èíòåãðàë.
10. Òðîéíîé èíòåãðàë (ñôåðè÷åñêèå êîîðäèíàòû ïî óñìîòðåíèþ ïðå-
ïîäàâàòåëÿ).
11. Ñêàëÿðíûå è âåêòîðíûå ïîëÿ.
12. Êðèâîëèíåéíûé èíòåãðàë. Öèðêóëÿöèÿ.
13. Ïîòîê âåêòîðíîãî ïîëÿ.
14. Òåîðåìû Îñòðîãðàäñêîãî-Ãàóññà è Ñòîêñà.
15,16. Ïðèåì òèïîâîãî ðàñ÷åòà.

ÒÅÎÐÅÒÈ×ÅÑÊÈÅ ÂÎÏÐÎÑÛ Ê ÝÊÇÀÌÅÍÓ (ÇÀ×ÅÒÓ)

1. Îïðåäåëåíèå ïåðâîîáðàçíîé, òåîðåìà î ìíîæåñòâå âñåõ ïåðâî-
îáðàçíûõ. Íåîïðåäåëåííûé èíòåãðàë. Ñâîéñòâî ëèíåéíîñòè.

2. Íåîïðåäåëåííûé èíòåãðàë. Òåîðåìà î çàìåíå ïåðåìåííîé. Ôîð-
ìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì.

3. Îáùàÿ ñõåìà èíòåãðèðîâàíèÿ ðàöèîíàëüíûõ ôóíêöèé.
4. Èíòåãðèðîâàíèå ïðîñòåéøèõ äðîáåé.
5. Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé.
6. Èíòåãðèðîâàíèå äðîáíî-ëèíåéíûõ èððàöèîíàëüíîñòåé.
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7. Èíòåãðèðîâàíèå êâàäðàòè÷íûõ èððàöèîíàëüíîñòåé. Òðèãîíîìåò-
ðè÷åñêèå ïîäñòàíîâêè.

8. Îïðåäåëåííûé èíòåãðàë: îïðåäåëåíèå, ãåîìåòðè÷åñêèé è ìåõà-
íè÷åñêèé ñìûñë. Äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ.

9. Îïðåäåëåííûé èíòåãðàë: îïðåäåëåíèå, ñâîéñòâà ëèíåéíîñòè è
àääèòèâíîñòè.

10. Îïðåäåëåííûé èíòåãðàë: îïðåäåëåíèå. Òåîðåìû îá èíòåãðèðî-
âàíèè íåðàâåíñòâ è îá îöåíêå.

11. Îïðåäåëåííûé èíòåãðàë: îïðåäåëåíèå, òåîðåìà î ñðåäíåì, åå
ãåîìåòðè÷åñêèé ñìûñë.

12. Òåîðåìà î äèôôåðåíöèðîâàíèè èíòåãðàëà ñ ïåðåìåííûì âåðõ-
íèì ïðåäåëîì.

13. Ôîðìóëà Íüþòîíà-Ëåéáíèöà. Çàìåíà ïåðåìåííîé è èíòåãðèðî-
âàíèå ïî ÷àñòÿì â îïðåäåëåííîì èíòåãðàëå.

14. Âû÷èñëåíèå ïëîùàäåé ïëîñêèõ ôèãóð â ïðÿìîóãîëüíûõ è ïî-
ëÿðíûõ êîîðäèíàòàõ ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà.

15. Îïðåäåëåíèå äëèíû êðèâîé. Âû÷èñëåíèå äëèíû êóñî÷íî-ãëàäêîé
êðèâîé.

16. Âû÷èñëåíèå îáúåìà òåëà ïî ïëîùàäÿì åãî ïëîñêèõ ñå÷åíèé.
Îáúåì òåëà âðàùåíèÿ.

17. Âû÷èñëåíèå ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ.
18. Íåñîáñòâåííûå èíòåãðàëû îò íåîãðàíè÷åííûõ ôóíêöèé. Ïðèìå-

ðû ñõîäÿùèõñÿ è ðàñõîäÿùèõñÿ èíòåãðàëîâ.
19. Íåñîáñòâåííûå èíòåãðàëû ñ áåñêîíå÷íûìè ïðåäåëàìè. Ïðèìåðû

ñõîäÿùèõñÿ è ðàñõîäÿùèõñÿ èíòåãðàëîâ.
20. Íåñîáñòâåííûå èíòåãðàëû: ïðèçíàê ñðàâíåíèÿ.
21. Îïðåäåëåíèå äâîéíîãî èíòåãðàëà, åãî ãåîìåòðè÷åñêèé è ìåõà-

íè÷åñêèé ñìûñë. Äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ.
22. Äâîéíîé èíòåãðàë: ñâîéñòâà ëèíåéíîñòè è àääèòèâíîñòè; ïåðå-

õîä îò äâîéíîãî èíòåãðàëà ê ïîâòîðíîìó.
23. Äâîéíîé èíòåãðàë: èíòåãðèðîâàíèå íåðàâåíñòâ, îöåíêà èíòåãðà-

ëà, òåîðåìà î ñðåäíåì.
24. ßêîáèàí ïðåîáðàçîâàíèÿ ïëîñêîñòè. Òåîðåìà î çàìåíå ïåðåìåí-

íûõ â äâîéíîì èíòåãðàëå.
25. Äâîéíîé èíòåãðàë â ïîëÿðíûõ êîîðäèíàòàõ.
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26. Ãåîìåòðè÷åñêèå è ìåõàíè÷åñêèå ïðèëîæåíèÿ äâîéíîãî èíòåãðà-
ëà.

27. Îïðåäåëåíèå òðîéíîãî èíòåãðàëà. Ïåðåõîä îò òðîéíîãî èíòåãðà-
ëà ê ïîâòîðíîìó.

28. Òðîéíîé èíòåãðàë â öèëèíäðè÷åñêèõ êîîðäèíàòàõ.
29. Îïðåäåëåíèå êðèâîëèíåéíîãî èíòåãðàëà ïî äëèíå äóãè, åãî ãåî-

ìåòðè÷åñêèé è ìåõàíè÷åñêèé ñìûñë.
30. Êðèâîëèíåéíûé èíòåãðàë ïî äëèíå äóãè: ñïîñîáû âû÷èñëåíèÿ.
31. Îïðåäåëåíèå è ñâîéñòâà êðèâîëèíåéíîãî èíòåãðàëà ïî êîîðäè-

íàòàì, ñïîñîáû åãî âû÷èñëåíèÿ.
32. Âû÷èñëåíèå ðàáîòû ñèëîâîãî ïîëÿ. Ôèçè÷åñêèé ñìûñë èíòåãðà-

ëà ïî êîîðäèíàòàì.
33. Òåîðåìà Ãðèíà.
34. Óñëîâèå íåçàâèñèìîñòè êðèâîëèíåéíîãî èíòåãðàëà ïî êîîðäè-

íàòàì îò âûáîðà ïóòè èíòåãðèðîâàíèÿ íà ïëîñêîñòè.
35. Âû÷èñëåíèå ïëîùàäè ãëàäêîé ïîâåðõíîñòè.
36. Îïðåäåëåíèå èíòåãðàëà ïåðâîãî ðîäà ïî ïîâåðõíîñòè. Ôîðìóëû

äëÿ åãî âû÷èñëåíèÿ.
37. Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ è ãðàäèåíò ñêàëÿðíîãî ïîëÿ. Ãåî-

ìåòðè÷åñêèé ñìûñë ãðàäèåíòà, åãî ñâîéñòâà.
38. Îïðåäåëåíèå è ñâîéñòâà èíòåãðàëîâ âòîðîãî ðîäà ïî ïîâåðõíî-

ñòè, ñïîñîáû âû÷èñëåíèÿ.
39. Òåîðåìà Ãàóññà-Îñòðîãðàäñêîãî. Ôèçè÷åñêèé ñìûñë äèâåðãåí-

öèè.
40. Çàäà÷à î âû÷èñëåíèè êîëè÷åñòâà æèäêîñòè, ïðîòåêàþùåé çà

åäèíèöó âðåìåíè ÷åðåç äàííóþ ïîâåðõíîñòü.
41. Òåîðåìà Ñòîêñà, ôèçè÷åñêèé ñìûñë ðîòîðà. Ôîðìóëà Ãðèíà êàê

÷àñòíûé ñëó÷àé òåîðåìû Ñòîêñà.
42. Óñëîâèå íåçàâèñèìîñòè êðèâîëèíåéíîãî èíòåãðàëà âòîðîãî ðîäà

îò âûáîðà ïóòè èíòåãðèðîâàíèÿ â ïðîñòðàíñòâå.
43. Îïðåäåëåíèå è ñâîéñòâà ïîòåíöèàëüíîãî ïîëÿ.

Âîïðîñû ê çà÷åòàì è ýêçàìåíàì ìîãóò áûòü óòî÷íåíû è äîïîëíåíû
ëåêòîðîì.
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ÎÑÍÎÂÛ ÄÈÑÊÐÅÒÍÎÉ ÌÀÒÅÌÀÒÈÊÈ
II ñåìåñòð

ÒÈÏÎÂÎÉ ÐÀÑ×ÅÒ

ÇÀÄÀ×À 1. Ïðîâåðèòü ïîëíîòó ñèñòåìû ôóíêöèé Σ = {fi, gj}, íàé-
òè Dmin äëÿ ôóíêöèé fi, gj. Ïðåäñòàâèòü ôîðìóëàìè íàä Σ è ôóíê-
öèîíàëüíûìè ñõåìàìè íàä Σ ôóíêöèè 0, 1,¬, &,∨, hk.

Âûáîð âàðèàíòà. Äàíû ôóíêöèè

f0 = (0101 1010) f1 = (0110 0110) f2 = (1001 1001)
g0 = (1110 1000) g1 = (1011 0010) g2 = (1101 0100)
h0 = (1000) h1 = (0100) h2 = (0010)

Íîìåð ñòóäåíòà â æóðíàëå ãðóïïû N ïðåäñòàâëÿåòñÿ â òðîè÷íîé
ñèñòåìå ñ÷èñëåíèÿ N = a3 · 32 + a2 · 3 + a1 = (a3a2a1)3. Çäåñü 0 6 ai 6
2. Äëÿ âàðèàíòà N âûáèðàþòñÿ ôóíêöèè fa3, ga2, ha1; íàïðèìåð, â
âàðèàíòå N = 19 = 2 · 32 + 0 · 3 + 1 = (201)3 âûáèðàþòñÿ ôóíêöèè
f2, g0, h1.

ÇÀÄÀ×À 2. Íàéòè Dñîêð, Dÿ, âñå Dmin äëÿ f(x1, x2, x3, x4) ìåòîäîì
Êàðíî è Êâàéíà.

Âûáîð âàðèàíòà. Äàíû ôóíêöèè è ïîäñòàíîâêè

p q r Spqr

0 0 0 2 4 1 3
f00 = (1010 1100 1011 0100) 0 0 1 4 3 2 1
f01 = (1100 1010 1101 0010) 0 1 0 1 3 2 4
f10 = (1010 0011 1110 0001) 0 1 1 3 1 4 2
f11 = (0101 1100 0111 1000) 1 0 0 3 4 1 2

1 0 1 4 2 3 1
1 1 0 2 1 4 3
1 1 1 1 2 3 4

Íîìåð ñòóäåíòà â æóðíàëå N ïðåäñòàâëÿåòñÿ â äâîè÷íîé ñèñòåìå
ñ÷èñëåíèÿ N = a5 · 24 + a4 · 23 + a3 · 22 + a2 · 2 + a1 = (a5a4a3a2a1)2.
Áåðåòñÿ ôóíêöèÿ fa5a4 è ïîäñòàíîâêà Sa3a2a1 = (ijkl). Äëÿ ïîëó÷å-
íèÿ ôóíêöèè f ïåðâàÿ ÷åòâåðêà ôóíêöèè fa5a4 ñòàâèòñÿ íà ìåñòî i,
âòîðàÿ � íà ìåñòî j, òðåòüÿ � íà ìåñòî k, ÷åòâåðòàÿ � íà ìåñòî l.
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Íàïðèìåð, â âàðèàíòå N = 19 = 24 + 0 · 23 + 0 · 22 + 2 + 1 = (10011)2
ê ôóíêöèè f10 ïðèìåíÿåòñÿ ïîäñòàíîâêà S011 = (3142) è ïîëó÷àåòñÿ
ôóíêöèÿ f = (0011 0001 1010 1110).

ÇÀÄÀ×À 3. Ïîñòðîèòü ìèíèìàëüíóþ ôóíêöèîíàëüíóþ ñõåìó äëÿ
ôóíêöèè f èç çàäà÷è 2 íà ýëåìåíòàõ {∨, &,¬}.

ÇÀÄÀ×À 4. Ïîñòðîèòü ìèíèìàëüíóþ êîíòàêòíóþ ñõåìó äëÿ òîé
æå ôóíêöèè.

ÇÀÄÀ×À 5. Íàéòè êðàò÷àéøèé ïóòü â ãðàôå G1.
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a12

a23

a11

a13

a21

a33 a44 a53

a15

a24 a34 a45

a22 a43

a14 a35

a25 a41 a51 a54

a32 a42 a52 a55

a b

Äëèíû ðåáåð - ýëåìåíòû ìàòðèöû A äëÿ ñîîòâåòñòâóþùåãî âà-
ðèàíòà.

N A N A N A

1




1 3 1 5 4
1 3 1 5 4
5 2 3 1 2
3 1 4 3 5
3 5 5 1 2




2




1 3 1 5 4
5 2 3 1 2
3 1 4 3 5
3 5 5 1 2
1 3 1 5 4




3




1 3 1 5 4
5 2 3 1 2
2 4 1 4 3
1 4 3 2 5
3 5 5 1 2
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N A N A N A

4




5 2 3 1 2
3 1 4 3 5
3 5 5 1 2
1 3 1 5 4
1 3 1 5 4




5




5 2 3 1 2
3 1 4 3 5
4 3 2 5 1
3 1 4 3 5
3 5 5 1 2




6




5 2 3 1 2
2 4 1 4 3
1 4 3 2 5
3 5 5 1 2
1 3 1 5 4




7




5 2 3 1 2
2 4 1 4 3
2 5 4 1 3
1 4 3 2 5
3 5 5 1 2




8




3 1 4 3 5
3 5 5 1 2
1 3 1 5 4
1 3 1 5 4
5 2 3 1 2




9




3 1 4 3 5
3 5 5 1 2
5 2 3 1 2
3 1 4 3 5
4 3 2 5 1




10




3 1 4 3 5
4 3 2 5 1
3 1 4 3 5
3 5 5 1 2
5 2 3 1 2




11




3 1 4 3 5
4 3 2 5 1
2 4 1 4 1
1 4 3 2 5
4 3 2 5 1




12




2 4 1 4 3
1 4 3 2 5
3 5 5 1 2
1 3 1 5 4
5 2 3 1 2




13




2 4 1 4 3
1 4 3 2 5
4 3 2 5 1
3 1 4 3 5
4 3 2 5 1




14




2 4 1 4 3
2 5 4 1 3
1 4 3 2 5
3 5 5 1 2
5 2 3 1 2




15




2 4 1 4 3
2 5 4 1 3
2 5 4 1 3
1 4 3 2 5
4 3 2 5 1




16




3 5 5 1 2
1 3 1 5 4
1 3 1 5 4
5 2 3 1 2
3 1 4 3 5




17




3 5 5 1 2
1 3 1 5 4
1 3 1 5 4
2 4 1 4 3
1 4 3 2 5




18




3 5 5 1 2
5 2 3 1 2
3 1 4 3 5
4 3 2 5 1
3 1 4 3 5




19




3 5 5 1 2
5 2 3 1 2
2 4 1 4 3
2 5 4 1 3
1 4 3 2 5




20




4 3 2 5 1
3 1 4 3 5
3 5 5 1 2
5 2 3 1 2
3 1 4 3 5




21




4 3 2 5 1
3 1 4 3 5
4 3 2 5 1
2 4 1 4 3
1 4 3 2 5




22




4 3 2 5 1
2 4 1 4 3
1 4 3 2 5
4 3 2 5 1
3 1 4 3 5




23




4 3 2 5 1
2 4 1 4 3
2 5 4 1 3
2 5 4 1 3
1 4 3 2 5




24




1 4 3 2 5
3 5 5 1 2
1 3 1 5 4
5 2 3 1 2
2 4 1 4 3






23

N A N A N A

25




1 4 3 2 5
3 5 5 1 2
5 2 3 1 2
2 4 1 4 3
2 5 4 1 3




26




1 4 3 2 5
4 3 2 5 1
3 1 4 3 5
4 3 2 5 1
2 4 1 4 3




27




1 4 3 2 5
4 3 2 5 1
2 4 1 4 3
2 5 4 1 3
2 5 4 1 3




28




2 5 4 1 3
1 4 3 2 5
3 5 5 1 2
5 2 3 1 2
2 4 1 4 3




29




2 5 4 1 3
1 4 3 2 5
4 3 2 5 2
2 4 1 4 3
2 5 4 1 3




30




2 5 4 1 3
2 5 4 1 3
1 4 3 2 5
4 3 2 5 1
2 4 1 4 3




ÇÀÄÀ×À 6. Íàéòè îñòîâ ìèíèìàëüíîé äëèíû â ãðàôå G1 èç çàäà÷è
5.

ÇÀÄÀ×À 7. Ðåøèòü çàäà÷ó îá îïòèìàëüíîì íàçíà÷åíèè ñ ìàòðèöåé
ýôôåêòèâíîñòè A èç çàäà÷è 5.

ÇÀÄÀ×À 8. Íàéòè ìàêñèìàëüíûé ïîòîê â òðàíñïîðòíîé ñåòè, çà-
äàííîé ãðàôîì G2. Ïðîïóñêíàÿ ñïîñîáíîñòü ðåáåð îïðåäåëÿåòñÿ
ýëåìåíòàìè aij ìàòðèöû A èç çàäà÷è 5.

G2

©©©©©©©©©©©©©©©©©©©©

HHHHHHHHHHHHHHHHHHHH

HHHHHHHHHHHHHHHHHHHH

©©©©©©©©©©©©©©©©©©©©

HHHHHHHHHHHHHHHHHHHH

HHHHHHHHHHHHHHHHHHHH

a ba12 a24 a41 a54

a22 a34

a31 a43

a51

a52

a53

a55

a11

a13

a14

a15

a23

a25

a35

a42

a21 a33

a32 a44

a45
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ÒÅÎÐÅÒÈ×ÅÑÊÈÅ ÂÎÏÐÎÑÛ Ê ÝÊÇÀÌÅÍÓ (ÇÀ×ÅÒÓ)
1. Îïåðàöèè íàä ìíîæåñòâàìè, èõ ñâîéñòâà. Àêñèîìû áóëåâîé àë-
ãåáðû.
2. Õàðàêòåðèñòè÷åñêèå âåêòîðû ïîäìíîæåñòâ. Àëãåáðà áóëåâûõ âåê-
òîðîâ.
3. Ýëåìåíòàðíûå áóëåâû ôóíêöèè. Èõ âûðàæåíèå ÷åðåç îñíîâíûå.
4. ÄÍÔ è ÑÄÍÔ. Ìåòîäû ïðèâåäåíèÿ áóëåâîé ôóíêöèè ê ÑÊÍÔ è
ÑÄÍÔ.
5. Ìèíèìàëüíàÿ ÄÍÔ. Òðèâèàëüíûé àëãîðèòì ìèíèìèçàöèè.
6. Îïðåäåëåíèå èíòåðâàëà è ìàêñèìàëüíîãî èíòåðâàëà áóëåâîé ôóíê-
öèè. Ñîêðàùåííàÿ è ÿäðîâàÿ ÄÍÔ.
7. Ãåîìåòðè÷åñêèé ìåòîä ìèíèìèçàöèè áóëåâîé ôóíêöèè îò òðåõ
ïåðåìåííûõ.
8. Ìåòîä Êàðíî äëÿ ìèíèìèçàöèè áóëåâûõ ôóíêöèé.
9. Ìåòîä Êâàéíà äëÿ ìèíèìèçàöèè áóëåâûõ ôóíêöèé.
10. Äâîéñòâåííàÿ ôóíêöèÿ. Ïðèíöèï äâîéñòâåííîñòè.
11. Îïðåäåëåíèå ôóíêöèîíàëüíî ïîëíîé ñèñòåìû ôóíêöèé. Îñíîâ-
íûå ïðèìåðû ôóíêöèîíàëüíî ïîëíûõ ñèñòåì.
12. Ìíîãî÷ëåíû Æåãàëêèíà. Ìåòîäû âû÷èñëåíèÿ ìíîãî÷ëåíà Æå-
ãàëêèíà äëÿ áóëåâîé ôóíêöèè.
13. Çàìêíóòûé êëàññ ôóíêöèé. Îñíîâíûå çàìêíóòûå êëàññû.
14. Ëåììû î íåñàìîäâîéñòâåííîé, î ìîíîòîííîé è î íåëèíåéíîé
ôóíêöèÿõ.
15. Òåîðåìà Ïîñòà î ôóíêöèîíàëüíîé ïîëíîòå.
16. Ïîíÿòèå ãðàôà. Ìàðøðóòû, öèêëû, ñâÿçíîñòü. Îïðåäåëåíèå äå-
ðåâà, åãî ñâîéñòâà.
17. Ïîíÿòèå îðãðàôà. Ñóììàòîð n-ðàçðÿäíûõ äâîè÷íûõ ÷èñåë.
18. Ïëàíàðíûå ãðàôû. Òåîðåìà Ïîíòðÿãèíà-Êóðàòîâñêîãî.
19. Àëãîðèòìû îòûñêàíèÿ êðàò÷àéøèõ ïóòåé â ãðàôå. Ìèíèìàëü-
íûé îñòîâ.
20. Ïàðîñî÷åòàíèå. Òåîðåìà Õîëëà î ñîâåðøåííîì ïàðîñî÷åòàíèè.
21. Àëãîðèòì îòûñêàíèÿ ìàêñèìàëüíîãî ïàðîñî÷åòàíèÿ.
22. Çàäà÷à îá îïòèìàëüíîì íàçíà÷åíèè. Àëãîðèòì åå ðåøåíèÿ.
23. Òðàíñïîðòíûå ñåòè è ïîòîêè. Àëãîðèòì Ôîðäà-Ôàëêåðñîíà.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ËÎÃÈÊÀ
È ÒÅÎÐÈß ÀËÃÎÐÈÒÌÎÂ

III ñåìåñòð
ÒÈÏÎÂÎÉ ÐÀÑ×ÅÒ

Îáîçíà÷åíèå: α = a1a2a3a4a5 � äâîè÷íûé êîä íîìåðà ñòóäåíòà â ñïè-
ñî÷íîì ñîñòàâå ãðóïïû.

ÇÀÄÀ×À 1. Àâòîìàò ñ îäíèì äâîè÷íûì âõîäîì è îäíèì äâîè÷íûì
âûõîäîì âûäà¼ò íà âûõîäå 0 äî òåõ ïîð, ïîêà íà âõîä íå ïîñòóïèò
ñëîâî α. Ïîñëå ýòîãî, íà÷èíàÿ ñî ñëåäóþùåãî òàêòà, àâòîìàò ïîñòî-
ÿííî âûäàåò 1. Ñîñòàâèòü äèàãðàììó Ìóðà è àâòîìàòíóþ òàáëèöó
äàííîãî àâòîìàòà. Ìèíèìèçèðîâàòü ïîëó÷åííûé àâòîìàò.

ÇÀÄÀ×À 2. Äëÿ ìèíèìàëüíîãî àâòîìàòà èç çàäà÷è 1 ñîñòàâèòü êà-
íîíè÷åñêèå óðàâíåíèÿ ìèíèìàëüíîé ñëîæíîñòè è äèàãðàììó Ìóðà,
äîïîëíåííóþ âåòâÿìè ðåçåðâíûõ/ôèêòèâíûõ ñîñòîÿíèé. Ðåàëèçî-
âàòü ìèíèìàëüíûé àâòîìàò èç çàäà÷è 1 â âèäå ÑËÑ (ñèíõðîííîé
ëîãè÷åñêîé ñåòè) ìèíèìàëüíîé ñëîæíîñòè.

ÇÀÄÀ×À 3. Ðåàëèçîâàòü ìèíèìàëüíûé àâòîìàò èç çàäà÷è 1 â âè-
äå ÑÑÀ (ñèíõðîííîé ñåòè àâòîìàòîâ) ìèíèìàëüíîé ñëîæíîñòè íàä
ïîëíîé àâòîìàòíîé ñèñòåìîé Σa = {RS − òðèããåð, Σ0 = {¬,∨,∧}}.
ÇÀÄÀ×À 4. ßçûê L çàäàí íàä àëôàâèòîì A0 = {0, 1} è ñîñòîèò èç
âñåõ ñëîâ ñëîâàðÿ A∗0, êîòîðûå èìåþò êîíå÷íóþ äëèíó è ñîäåðæàò
(íå ìåíåå îäíîãî ðàçà) ñëîâî α. Ñîñòàâèòü ðåãóëÿðíóþ ôîðìóëó è
èñòî÷íèê äëÿ ÿçûêà L.

ÇÀÄÀ×À 5. Ñ ïîìîùüþ òåîðåìû (ñèíòåçà) Êëèíè ïîñòðîèòü íà-
ïðàâëåííûé (èíèöèàëüíûé) àâòîìàò Ìóðà, ïîðîæäàþùèé ÿçûê L

èç çàäà÷è 4.

ÇÀÄÀ×À 6. Ìèíèìèçèðîâàòü àâòîìàò Ìóðà èç çàäà÷è 5 è ïðîâå-
ðèòü (äîêàçàòåëüíî) ïîëó÷åííûé ìèíèìàëüíûé àâòîìàò íà ýêâèâà-
ëåíòíîñòü ìèíèìàëüíîìó àâòîìàòó èç çàäà÷è 1.
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ÒÅÎÐÅÒÈ×ÅÑÊÈÅ ÂÎÏÐÎÑÛ
1. Îïðåäåëåíèå è ñïîñîáû çàäàíèÿ àâòîìàòà Ìèëè. Ïîñëåäîâàòåëü-
íûé äâîè÷íûé ñóììàòîð.
2. Àâòîìàòíîå îòîáðàæåíèå, åãî ñâîéñòâà. Àâòîíîìíûé àâòîìàò.
Ñâîéñòâà åãî àâòîìàòíîãî îòîáðàæåíèÿ.
3. Ýêâèâàëåíòíûå ñîñòîÿíèÿ è ýêâèâàëåíòíûå àâòîìàòû. Òåîðåìà î
ñóùåñòâîâàíèè ìèíèìàëüíîãî àâòîìàòà.
4. Àëãîðèòì ìèíèìèçàöèè àâòîìàòà.
5. Êîìáèíàöèîííûå è ëîãè÷åñêèå àâòîìàòû. Òåîðåìà î ðåàëèçàöèè
ëîãè÷åñêîãî àâòîìàòà â âèäå ÑËÑ.
6. Òåîðåìà î ðåàëèçàöèè ïðîèçâîëüíîãî àáñòðàêòíîãî àâòîìàòà â
âèäå ÑËÑ.
7. Àâòîìàò Ìóðà, åãî ñâÿçü ñ àâòîìàòîì Ìèëè (òåîðåìà).
8. Ïàðàëëåëüíîå ñîåäèíåíèå äâóõ àâòîìàòîâ.
9. Ïîñëåäîâàòåëüíîå ñîåäèíåíèå äâóõ àâòîìàòîâ.
10. Ñîåäèíåíèå àâòîìàòîâ ñ îáðàòíîé ñâÿçüþ.
11. Àâòîìàòíî ïîëíûå ñèñòåìû àâòîìàòîâ. Òåîðåìà î äîñòàòî÷íîì
óñëîâèè àâòîìàòíîé ïîëíîòû.
12. Òðèããåðû, èõ àâòîìàòíûå òàáëèöû è äèàãðàììû Ìóðà. Ðåàëè-
çàöèÿ îäíèõ òðèããåðîâ ñ ïîìîùüþ äðóãèõ.
13. Äåòåðìèíèðîâàííûå ôóíêöèè. Èõ ñâÿçü ñ A-äåðåâîì.
14. Âåñ A-äåðåâà. Îãðàíè÷åííî äåòåðìèíèðîâàííûå ôóíêöèè. Òåî-
ðåìà î íåîáõîäèìîì è äîñòàòî÷íîì óñëîâèè àâòîìàòíîãî îòîáðàæå-
íèÿ.
15. Îïðåäåëåíèå ìàøèíû Òüþðèíãà. Åå ñâÿçü ñ êîíå÷íûì àâòîìà-
òîì.
16. Ïîíÿòèå ôóíêöèè, âû÷èñëèìîé ïî Òüþðèíãó. Âû÷èñëèìîñòü ñó-
ïåðïîçèöèè è ðàçâåòâëåíèÿ.
17. Ïîíÿòèå ïðèìèòèâíî-ðåêóðñèâíîé, ðåêóðñèâíîé è ÷àñòè÷íî ðå-
êóðñèâíîé ôóíêöèè. Áàçîâûå ôóíêöèè è îñíîâíûå îïåðàòîðû.
18. Òåîðåìû î ïðèìèòèâíîé ðåêóðñèâíîñòè êîíñòàíò, ïåðåñòàíîâêè
è îòîæäåñòâëåíèÿ ïåðåìåííûõ.
19. Òåîðåìû î ïðèìèòèâíîé ðåêóðñèâíîñòè ñóììû, ïðîèçâåäåíèÿ è
âîçâåäåíèÿ â ñòåïåíü.
20. Òåîðåìû î ïðèìèòèâíîé ðåêóðñèâíîñòè óðåçàííîãî âû÷èòàíèÿ,
ìîäóëÿ, ôóíêöèè ñèãíóì, ìèíèìóì è ìàêñèìóì, áóëåâûõ ôóíêöèé.
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21. Òåîðåìà î ñâÿçè ôóíêöèé, âû÷èñëèìûõ ïî Òüþðèíãó, ñ ÷àñòè÷íî
ðåêóðñèâíûìè ôóíêöèÿìè. Òåçèñû Òüþðèíãà è ×åð÷à.
22. Ìèêðîïðîãðàììíûå àâòîìàòû, èõ ðåàëèçàöèÿ.
23. Ïåðå÷èñëèìûå è ðàçðåøèìûå ìíîæåñòâà. Òåîðåìà Ðàéñà (áåç
äîêàçàòåëüñòâà).
24. Íàñòðîåííûé àâòîìàò Ìóðà. Àâòîìàòíî ïîðîæäåííûé ÿçûê.
25. Ðåãóëÿðíûå îïåðàöèè íàä ÿçûêàìè. Îïðåäåëåíèå ðåãóëÿðíîãî
ÿçûêà.
26. Îïðåäåëåíèå èñòî÷íèêà. Ïîñòðîåíèå èñòî÷íèêà äëÿ ðåãóëÿðíîãî
ÿçûêà.
27. Òåîðåìà ñèíòåçà Êëèíè (ïîñòðîåíèå àâòîìàòà Ìóðà äëÿ àâòî-
ìàòíîãî ÿçûêà).
28. Àëãîðèòìè÷åñêàÿ ðàçðåøèìîñòü çàäà÷è òîæäåñòâà ðåãóëÿðíûõ
ÿçûêîâ.
Âîïðîñû ê çà÷åòàì è ýêçàìåíàì ìîãóò áûòü óòî÷íåíû è äîïîëíåíû
ëåêòîðîì.
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